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We consider the linear and nonlinear models of generation of the surface plasmon-polaritons on the 
boundary of nonmagnetic dielectric medium and nonmagnetic metal. We have shown how the three-
dimensional incident wave is transformed to the fluxes of surface plasmon-polaritons at the first and 
second harmonics of the TM-mode. These “slow” and “fast” fluxes of the surface plasmon-
polaritons are formed at the both harmonics at the weak interaction. We obtain that the pulses of 
surface plasmon-polaritons propagate as the bright and dark solitons at the strong interaction of the 
first and second harmonics. 
Keywords: nonlinear surface plasmon-polariton, bright and dark solitons. 
PACS numbers:  
71.36.+c Polaritons (including photon-photon and photon-magnon interactions), 
71.45.Gm  Exchange, correlation, dielectric and magnetic response functions, plasmons,  
42.65.± k Nonlinear optics, 73.20.Mf  Collective excitations, 78.20.Bh Theory, models, and 
numerical simulation   
 
 
1. INTRODUCTION 
 
The plasmons are excited in the conducting medium; the polaritons are excited as quasi-
particles by interaction of photons and phonons in the dielectric medium [1]. The surface plasmon-
polaritons (SPP) arise at the propagation of electromagnetic wave along the boundary of dielectric 
medium and metal as the mixture of photons, phonons and plasmons [2]. Recently the behaviors of 
SPP attract attention of researchers in connection with their unique properties for electronic 
technique at optical frequencies [3 - 6].  The SPP are “attached” on the boundary of media and are 
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not radiated from the smooth boundary. The wavevectors of SPP have the values at several times 
greater then in air, i.e. less the wavelength of wave of the same frequency. The properties of 
nonlinear SPP modes, their types and interaction, the spatial solitons etc. were investigated in Refs. 
[2 - 5]. The dynamics of nonlinear polariton pulses in infinite dielectric media were analyzed in 
Refs. [6 - 8].  
In our work we consider the nonlinear SPP pulses in the form of bright and dark solitons and 
analyze their generation at the interaction of the first and second harmonics TM-mode on the 
boundary of dielectric medium and nonmagnetic metal. The splitting of SPP in two fluxes that 
propagate with different velocities is proportional to the intensity of the first harmonic in quadratic 
polarization medium. Two fluxes of SPP are formed at the both harmonics of TM-mode on the 
boundary of media. We also obtain analytically and compute the shapes and transverse envelopes of 
nonlinear SPP pulses as bright and dark solitons at strong interaction of the first and second 
harmonics. 
 
2. PLASMON-POLARITONS ON THE BOUNDARY OF DIELECTRIC MEDIUM 
   AND METAL 
 
We treat the mechanism of generation of the nonlinear SPP on the boundary of nonmagnetic 
dielectric medium with permittivity 1e  and magnetic permeability 11 =m  and nonmagnetic metal 
with 2e  and 12 =m  (Fig. 1).  
 
Fig. 1. The SPP on the boundary of dielectric medium and metal.  
 
The three-dimensional wave falls on the inner boundary of dielectric medium and air angularly the 
total internal reflection and transforms to the surface wave. We suppose that the surface wave is 
 3
exited as transverse magnetic (ТМ) mode with frequency w  and propagates on the dielectric and 
metal boundary along the axis z (Fig. 1). In the transverse plane the wave field damps at the both 
sides of boundary.  
Suppose the initial electromagnetic wave is powerful, then we consider the nonlinear effects 
of the quadratic polarization of medium. In this case the SPP of TM-mode with transverse electric 
field polarization xE  are formed at the first ( )tiexp~ w-  and second ( )tiexp~ w2-  harmonics due 
to the translation symmetry breaking on the boundary of mediums, and the SPP with longitudinal 
electric field polarization zE  are formed only at the first harmonic ( )tiexp~ w- .  
We represent the set of nonlinear equations for the SPP of TM-mode with components 
yzx B,E,E   in the nonmagnetic dielectric medium 
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and in the nonmagnetic metal 
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where ( )2222 4 Gwpw i/ig e +=  is the conductivity of metal [9], m/nee 0222 4pw =  is the electron 
plasma frequency, 2G  is the damping constant. 
We consider that the wave field damps as )xexp(~ 1a  in the dielectric medium at moving 
off from the boundary to the subzero direction of axis x- , and it damps as )xexp(~ 2a-  in the 
metal at moving off from boundary to the positive direction of axis x , where 00 21 >> aa , . The 
boundary conditions for TM-mode are 21 yy BB =  and 21 zz EE =  at 0=x , and we obtain the equation 
from the equation sets (1) and (2) 
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The boundary condition for equation sets (1) and (2) is fulfilled in the case of the negative 
permittivity 02 <e , that is possible in the metal below plasma frequency [9].  
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3. DISPERSION EQUATION 
 
In the linear case ( ) 0211 =c , 
( ) 0212 =c  one can find the dispersion equation for SPP wave with 
components ( )ikztiexp~B,E yz,x +- w  in the dielectric medium (index 1) and in the metal (index 2) 
from the equation sets (1) and (2),  
021
2
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22 =+-- aew kc ,      (4) 
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We obtain the damping factors 1a  and 2a  from the equations (4) and (5) as 
( ) 2112221 /ck ewa --= , ( ) 212222222 4 /gicck pwewa -- --= ,   (6) 
or calculate the wavevector k  by the Eq. (3) and Eq. (6) for the specified medium parameters 
221 g,,ee . The permittivity of dielectric medium is 
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where 1221 4
-= mNe ee pw , 
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1 4
-= effCeffI mNepw  are the electron and ion plasma frequencies, effeff m,e  
are the effective charge and mass of ions, 1W  is the lattice resonance frequency, 0w  is the electron 
resonance frequency, 1G  is the damping constant. Considering both the ion and electron polarization 
of the metal crystal lattice under influence of the electromagnetic field we can renormalize its 
permittivity  
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where 2W  is the resonance frequency of metal lattice, rew  is the frequency of plasmon relaxation in 
the metal.  The second term in the Eq. (8) means the response of the ions of lattice, and the third 
term describes the response of electrons at electromagnetic field action. From the Eq. (8) it follows 
that the real part of the metal permittivity is less than zero 02 <e  for frequencies e2ww <  at 
eI ww <<  for the waves with frequencies far from the lattice resonance wW <<2  .  
Substituting the damping factors 1a  and 2a  (6) into the Eq. (3) we obtain the dispersion 
equation for SPP of TM-mode  
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where 1e  and 2e  are defined by Eq. (7) and Eq. (8). Representing the dispersion equation (9) in the 
form of combined equations ewew ¢¢=¢¢¢¢=¢¢-¢ ~
c
kk,~
c
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 we can found the real and imaginary 
parts of the wavevector ( )[ ] 212122
2
// ~~~
c
k eeew ¢+¢¢+¢=¢ , ( )[ ] 212122
2
// ~~~
c
k eeew ¢-¢¢+¢=¢¢ , where 
( ) 12121 -+= eeeee~  is the effective complex permittivity, eee ¢¢+¢= ~i~~ .  
For example, the imaginary part of the wavevector 13102 -×=¢¢ cmk  at optical frequency 
115103 -×= sw  for the glass with 41 =e  and silver with 307102 .i. +-=e  is small, and the real part 
151052 -×=¢ cm.k  of SPP wavevector is greater than in air at 2.5 times, i.e. the SPP wavelength is 
less than in air at 2.5 times. Thereby we can obtain the wave at optical frequency with the subwave 
wavelength in this case.  
 
4. NONLINEAR SPP AT THE FIRST AND SECOND HARMONICS 
 
Consider the generation of nonlinear SPP at TM-mode by the powerful electromagnetic 
wave causing the nonlinear polarization of dielectric medium on the boundary of media. We can 
obtain the nonlinear equation for xE  in the dielectric medium combining the equations of set (1) 
( ) ( )( ).EEEc
tc
E
t
E
cz
E
xx
*
x
x
xx
22
12
2
11
1
22
1
2
2
2
2
12
2
2
1
2
2
4 cc
e
ap
ae
+÷÷
ø
ö
çç
è
æ
-
¶
¶=
+
¶
¶-
¶
¶
    (10) 
One can obtain other field components from the equation set (1) substituting the solution of Eq. 
(10).  
We represent the components of electric field with transverse polarization in the form of the 
first and second harmonics ( ) ( ) ( ) ( )ziktiexpz,tE~ziktiexpz,tE~Ex 2211 2 +-++-= ww , where ( )z,tE
~
,21  
are the slowly varying amplitudes, ( )wew ~ck 11 -= , ( )wew 22 12 ~ck -= . Equating the factors before 
exponents with identical arguments for the first and second harmonics and neglecting the higher 
order nonlinearities in the Eq. (10), we obtain combined equations for amplitudes of nonlinear SPP 
of TM-mode for the first and second harmonics 
 6
( )
( ),kziexpE~i
t
E~
vz
E~
,kziexpE~E~i
t
E~
vz
E~ *
Dg
Dg
-=
¶
¶+
¶
¶
=
¶
¶+
¶
¶
2
12
2
2
2
211
1
1
1
1
1
     (11) 
where ( )( )we
we
1
1
~
cv = , ( )( )we
we
2
2
1
2
~
cv = , 12 2kkk -=D , 
( )( )
( )
( )
( ) ÷÷ø
ö
çç
è
æ
+= 2
2
1
2
1
2
11
1
2
c~
c w
we
wa
wew
wcpg ,  
( )( )
( )
( )
( ) ÷÷ø
ö
çç
è
æ
+= 2
2
1
2
1
2
12
2
4
2 c~
c w
we
wa
wew
wcpg .  
 
5. WEAK INTERACTION OF HARMONICS 
 
It is evident from the equation set (11) that the power of the first harmonic transforms to the 
power of the second harmonic and vice versa at the long length of interaction. Suppose the power of 
the first harmonic 111 E
~E~I *=  changes weakly, when transforming portion of power of the first 
harmonic to the second harmonic is negligibly small. In the weakly dispersive medium 0»kD  we 
can represent the equation set (11) as 
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where 211 E
~f = , 22 E
~f = , and obtain the partial solutions for the variables 21 f,f  from equation set 
(12) as ( )zk~it~iexpff 22101 +-= w , ( )zk~it~iexpff 22202 +-= w , constf , =0201 , vvv =» 21 . In this 
case the transverse electric fields of the first and second harmonics look like 
( ) ( )[ ]zk~kit~iexpAE~ +++-= 111 ww , ( ) ( )[ ]zk~kit~iexpAE~ 22 222 +++-= ww , where 101 fA = , 
202 fA = . The relation of the phase additions w~  and k
~   
( ) 211211 2 //Iv~k
~
ggw ±= -± ,     (13) 
where w~  is the frequency of signal modulation. As it follows from the Eq. (13) the velocities of 
wave packets ( )[ ] 1-±± += wd/k~kdRev~  for both SPP harmonics depend on intensity of the first 
harmonic 1I . Two fluxes of “slow” and “fast” nonlinear SPP are formed on the boundary of the 
media and propagate with different velocities, because the phase addition ±k
~  (13) has two values for 
all field components.  
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6. STRONG INTERACTION OF HARMONICS 
 
If the intensity of the first harmonic is not constant constI ¹1 , then it is possible to solve the  
equation set (11) by entering the real amplitudes and phases [10] as ( ) ( ) ( )[ ]z,tiexpz,tAz,tE~ ,,, 212121 f=   
and separating the real and imaginary parts  
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where "iv'vv ,,, 212121 +=  are the complex velocities. The dynamics of amplitudes 1A  and 2A  is 
represented in Fig. 2 for the following boundary conditions:  1) the Gauss pulse 
( )20201 T/texpA z -==  is excited at the first harmonic and 2) the second harmonic has zero value 
002 ==zA  at the input of medium. 
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Fig. 2. The dynamics of SPP pulse amplitudes of the first 1A  and the second 2A  harmonics on the 
boundary of dielectric medium and metal.  
  
We can transfer to the reference frame moving with pulse velocity ( )vRev~ ¹  by the 
introduction of variable v~/zt -=t , and obtain the combined equations  from the equation set (11) 
in the non-absorptive dielectric 00 2121 == ","v ,, g , 
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where 12 2ffDF -+= kz  is the combination phase, ( )'vv~/v~'v'~ ,,,, 21212121 -= gg , 'vv~ ,21> . The 
equation set (15) has two motion integrals: 1) 22
1
2
2
1
1
112 A~A~I
-- += gg  and 2) FgD cosAA~Av~k 2
2
12
2
2 2= . 
The combination phase can be constant 2/pF =  due to the phase synchronism 0=kD  in 
the weakly dispersive medium, because 0=Fcos  as it follows from the second integral of motion 
[10]. In this case we obtain the combined equations for amplitudes from the equation set (15)  
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We obtain the solutions for SPP pulse amplitudes at the first and second harmonics by the first 
integral of motion  
1A  
2A  
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( ) ( )[ ]tggg 2112211211211 // I~~coshI~A -= ,     (17) 
 ( ) ( )[ ]tggg 211221211222 // I~~tanhI~A = .     (18) 
The SPP pulse at the first harmonic (17) has the shape of bright soliton (Fig. 3, curve 2) 
( ) ( )[ ]v~/ztI~~coshI~I / -= - 21122121211 ggg ,    (19)  
and the pulse at the second harmonic (18) has the shape of dark soliton (Fig. 3, curve 3) 
( ) ( )[ ]v~/ztI~~tanhI~I / -= 21122121222 ggg ,    (20) 
where ( )[ ]{ } 11 --+= wd/Ik~kdRev~   is the pulse velocity depending on the first harmonic intensity 
1I . The intensity of pulses at the first and second harmonics does not oscillate along the axis z  and 
time t  as the combination phase is constant due to the phase synchronism.  
 
  
Fig. 3. The normalized intensities: the input Gauss pulse (curve 1) generates the pulses in the forms 
of bright soliton at the first harmonic (curve 2) and the dark soliton at the second harmonic (curve 3) 
if the combination phase is constant 2/pF = .  
 
7. CONCLUSION 
 
The powerful three-dimensional incident wave transforms to the nonlinear SPP of the first 
and second harmonics of TM-mode, if the incident wave falls at the angle of total internal reflection 
on the boundary of dielectric medium and metal. “Slow” and “fast” fluxes of nonlinear SPP are 
I
 
t
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formed on the boundary of the dielectric medium and metal and propagate with different velocities 
at the weak interaction of harmonics.  
The incident wave can be modulated as a pulse train at the first harmonic. The pulses at the 
first harmonic excite the SPP pulses at the second harmonic. The SPP pulses can be formed as the 
bright and dark solitons at the strong interaction of the first and second harmonics.  
These nonlinear effects arise in the optoelectronics devices and can be applied in design of 
new facilities based on the plasmon-polariton interactions [11, 12]. 
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